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Abstract—Voltage sag mitigation utilizing dynamic voltage re-
storers (DVRs) can be classified as a common-pool resource (CPR)
good. However, the ability of DVRs in improving voltage sag per-
formance of only downstream customers provides the ability to
exclude the non-contributors selectively. Therefore, unlike tradi-
tional CPR goods, the DVR allocation problem can give rise to
partial excludability. Here, the non-collocated customers have been
divided into feasible clusters through suitable positioning of DVRs
using the proposed graph-partitioning principle. In the absence
of trustworthiness, especially with the participation of electricity
supply companies, the participants may ask an external agent and
share their willingness-to-pay information to design the optimal
set of clusters. Alternatively, the customers, including electricity
supply companies, can also share internal information as an open
system. Strategies for sharing internal information to avoid free-
riding are also discussed. The utility distribution would ensure the
viability of contribution group formation. Here, the results from
three different utility-distributing solution concepts, such as an
alternative definition of the core, the nucleous, and Shapley value,
are compared. The simulation results are numerically verified for
a small scale system and validated utilizing a large scale system.
The proposed methodology can be used for any real-world system
that follows similar properties.
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NOMENCLATURE

Sets

Vleaf,VR Set of leaf and root nodes respectively.
Vic,Vg Set of nodes forming clusters ic and g respectively.
M ,M(·) Sag mitigation device identifiers.
Ω Power set constituting of all the participants in the

common-pool resource game, including the null set.
GRo Undirected rooted tree, represented by a set of ver-

tices (V), and a set of edges (E).
GSu An undirected subtree.
ic, g Indices of clusters formed within the distribution

network.
N The universal set indicating all the participants in the

common-pool resource provision game.
q, r Indices representing the nodes of the tree, or the

player participating in common-pool resource game.
S, T Proper or improper subsets of the set of all partici-

pants, including null set.
Parameters

αMAX Maximum non-excludable common-pool resource
requirement by the participants.

βq Rivalrous component of the consumption by a player
(q); representing maximum load current of the cus-
tomer located at a given node of the distribution
network.

�q,r Fault rate of the branch connected between nodes q
and r.

Dq Degree of a node (q) of the rooted tree (representing
the distribution network).

L Fault rate threshold decided by the customers.
YS
q The contribution status of the customer located at

leaf node (q), within a contribution group (S), (∈
{0, 1}).

Bq,r A matrix representing the existence of an edge be-
tween nodes q and r of the tree (∈ {0, 1}).

TS,T A matrix, indicating whether a contribution group
(S) is a proper subset of another contribution group
(T), (∈ {0, 1}).

aq Maximum marginal willingness-to-pay of a contrib-
utor (q), or, an appropriate cluster member.

c, d Parameters of the average cost function of the miti-
gation device, such as, dynamic voltage restorer.
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M An arbitrarily large positive real number.
Variables

α Non-excludable part of the common-pool resource
provision (representing common voltage injected by
the dynamic voltage restorer).

α
(·)
MKT Optimal non-excludable common-pool resource

provision for a contribution group (or cluster).
χg,S
q A matrix, representing whether a node (q) joins a

cluster (g), in a given contribution group (S).
Γ (·) Total utility generated by a contribution group (or

cluster), in MU.
Γ g,S Utility generated by a cluster (g), in an appropriation

group (S), in MU.
Dg,S

q Degree of a node (q) of the tree for a cluster (g) in a
contribution set (S).

Phiq The Shapley value received by each player (q).
AS A vector representing whether a contribution group

(S) is an optimal solution (∈ {0, 1}).
C (N) Core utility distribution strategy.
O(S) Alternative definition of the core utility distribution

strategy.
Ug,S Nullity of a cluster (g), in a group (S), (∈ {0, 1}).
uq Utility received by a node (q), in MU.
W g,S

q Belongingness of a node (q), within a cluster, (g),
under a contribution set, (S), (∈ {0, 1}).

I. INTRODUCTION

W ITH ever-increasing number of sensitive and critical
equipment connected into the traditional distribution

network with a single point of failure, and the possible colos-
sal cost of voltage sags [1]–[3], it is crucial to improve the
sag performance of the system significantly. Faults, the major
reason behind voltage sags [4], can emanate in transmission,
sub-transmission, and distribution networks and propagate to the
customers premises in accordance with the network topology
and associated parameters. Furthermore, the majority of the
faults occurring in the distribution network is temporary in
nature [5]. Delay in fault-clearing due to requisite coordination
among the protection devices results in its inevitability [6]–[8].
The stochasticity of the associated economic impact arises from
both the stochasticity of the occurrence of temporary faults and
the probabilistic nature of the failure of sag-sensitive microelec-
tronic control devices [6], [9], [10].

To eliminate the impact of inherently stochastic voltage sags
and given the expensiveness of mitigation devices, such devices’
allocation problem has been extensively studied in the literature.
Different techniques, such as those in [11], [12], have been in-
troduced for the allocation (capacity and location) of the flexible
alternating current transmission system (FACTS) based devices
(also known as custom power devices in medium/low voltage
applications [13]). In [11], the minimization of the weighted sum
of the number of sags of different magnitude ranges is proposed.
While in [12], a cost-benefit analysis for the sag mitigation
devices allocation problem was proposed. Use of ‘nested logic’
model for the optimal selection of voltage sag mitigation devices
has been considered in [14].

The use of individual process failure characteristics has been
considered for the cost-benefit analysis of a typical industrial

Fig. 1. Schematic diagram of a DVR.

plant in [15]. Reference [16] focuses on finding a correlation
among the incentive provision from mitigation devices and
financial losses incurred by a typical industrial customer. An op-
timal mitigation solution provision based on aggregated power
quality performance improvement requirement (sag perfor-
mance improvement is incorporated as a part of the considered
index) is introduced in [17]. For accounting disappointment-
rejoicing psychological perceptions of sensitive customers, a
new premium power investment strategy is proposed in [18].
Tabu search based optimal rating and location identification for
voltage sag mitigation devices is discussed in [19].

Use of Dynamic Voltage Restorers (DVR) for voltage sag per-
formance improvement [19], [20] is notable in the literature, and
associated survey is available in [21]. Also, the consideration of
multiple benefits from DVRs [22] is noteworthy. Some of these
benefits have been considered in [23] as numerous objectives
in a bi-objective optimization framework for a typical sensitive
load. Placement of DVRs based on the maximum number of sag
occurrence heuristic [24] and to minimize system average RMS
variation frequency index - SARFIx [25] has been considered
for reducing the impact of voltage sags. Optimal procurement
of DVRs as voltage sag mitigation solution from a distribution
system operator’s perspective is discussed in [26]. However, the
question of cost distribution among the customer still exists (ref.
[18] have discussed this issue to a limited extent). It is to be
noted that the uniform distribution of costs (for example, utility
companies, here defined as electricity supply companies, install
common sag mitigation solution, and charge every customer
uniformly based on the maximum load demand), if multiple
customers are being facilitated from common mitigation device,
among all the customers independent of their willingness to pay
will lead to a socially inefficient outcome. This is because, in this
process, some of the sag insensitive customers will be forced to
pay as well.

As shown in Fig. 1, a DVR can be realized by a voltage
source inverter coupled with a DC link capacitor (with/without
an energy storage device), an LC filter to eliminate switching
harmonics, and an injection transformer connected in series with
the distribution line. DVRs can intelligently inject the missing
voltage with a certain phase angle, ΔV , in series with the source
voltage, Vs, to ensure the availability of a constant voltage at the
load side, Vt, during sag events. However, one of the downsides
for the DVR installation is that it can only protect the downstream
customers from reflected faults.

Since the sag-mitigation using DVRs is limited to the down-
stream loads [22], the boundary of the set of beneficiaries is
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Fig. 2. Typical cluster formations with mitigation devices. (a) CPR formation
group considering colocated customers. (b) Cluster formation with noncolocated
customers.

strictly quantifiable. Reference [12] has shown the existence of
an economy of scale while incurring costs for designing and in-
stalling DVRs, i.e., the average cost of a DVR is downward slop-
ing. The existence of the economy of scale in the manufacturing
process of the DVR induces a strong incentive for the formation
of symbiotic groups for the common voltage sag mitigation solu-
tions. It is impending that once the DVR sizing based on the max-
imum load demand of the downstream customers is decided, no-
additional customer can further benefit from the common volt-
age sag mitigation solution provision. This results in the catego-
rization of the common mitigation solution as a rivalrous good.
Since the network’s sagged condition within the contribution
group remains equal and indiscriminate, the terminal voltage
improvement through the injection of the voltage from DVR can
be categorized as non-excludable. Furthermore as already dis-
cussed, the total resource requirement can be calculated by mul-
tiplying associated rivalrous and non-excludable components.

Since the mitigation solution is simultaneously non-
excludable and rivalrous, the solution provisioning problem
utilizing DVRs can be categorized as a common-pool resource
(CPR) [27]. As indicated, once the DVR is designed, the associ-
ated benefit in terms of voltage sag mitigation solution provision
will be enjoyed by all the group members (the set of all down-
stream customers) independent of their contribution status. If the
economic utility (=benefit-cost) is not appropriately distributed,
it will result in the existence of free-riders (those who enjoy the
benefit of the resource without contributing). However, when
the customers are partially excludable, their strategic removal is
possible [28] if the inclusion of a free-rider is not beneficial for
the group.

Therefore, in contrast to [27], where all the players are forced
to be incorporated into the contribution group, as shown in
Fig. 2(a), the possibility of the existence of multiple clusters,
as shown in Fig. 2(b), is the primary focus of this paper. In
this figure, M(·) is the voltage sag mitigation device, α(·) is
the maximum possible voltage injection from the corresponding
device, andβ(·) is the current rating of the loads. Because of their
noncollocatedness in the distribution network, the customers
can form multiple clusters based on their contribution level and
relative location.

In Fig. 2(b), two feasible clusters, in red and yellow, have been
identified and shown. Here, DVR M1 is incorporating customer
‘3’ only, and DVR M2 contains customers ‘5’ and ‘6’. Notably,
only a specific set of clusters are viable. For example, customers
‘3’ and ‘5’ cannot form a cluster without incorporating ‘6,’
neither can ‘3’ and ‘6’ form a cluster without incorporating ‘5’
due to the presence of distribution network. However, ‘5’ and
‘6’ can form a cluster without incorporating ‘3’ (as shown in
yellow cluster). Nevertheless, ‘3,’ ‘5,’ and ‘6’ independently can
provide mitigation solutions to oneself without incorporating
anyone else (see, red clusters). The pink cluster consisting of all
the customers, as in Fig. 2(a), is also feasible.

In the current arrangement, like in an open system [29], [30],
decision-making agents are simultaneously mitigation solution
providers, allocators, and consumers. Electricity supply compa-
nies may also appropriate in this arrangement to attract future
customers. To achieve the same, the customers and the electricity
supply companies will be required to share the internal informa-
tion to carry out the planning process. The methods of sharing
internal information will be thoroughly discussed in Section
III.C of this paper. In line with the analysis in [27], an appropriate
and efficient utility distribution can only ensure “trustworthi-
ness” [31] in this single shot game. However, consideration of
multiple cluster formation may not result in the utility function
to remain convex, and as a result, the core solution concept [32]
may not exist. However, the solution concept based on an al-
ternative definition of the core may exist [33]. Besides, utility
distribution according to the “Fair allocation” solution concept,
such as the nucleous [34], and the Shapley value [35] may exist
as well.

Contributions of this paper are threefold:
i) The viability of a cluster set’s existence relies on the

relative location of all the customers and the topology
of the distribution network itself. Therefore, the char-
acteristics of such cluster formation strategies rely on
graph-theoretic principles. A partitioning strategy has
been developed in this regard. Since the occurrence of
temporary faults within the cluster itself leads to vulner-
ability of the all the participants within a cluster, a fault
rate threshold concept has been introduced to limit the
cluster size.

ii) Contrary to traditional uniform utility distribution strate-
gies, an alternative definition of core and “fair allocation”
strategies has been considered in this work, which would
ensure the formation of a socially acceptable outcome.
Consideration of such a solution makes this work unique.
Comparative analysis of three different socially accept-
able outcomes will help the customers to decide the
suitability of the considered allocation strategies.

iii) The participation in this CPR allocation problem is vol-
untary, while the solution provision among the customers
is common. To avoid some of the customers’ conse-
quent free-riding status and resulting unilateral coalition
deviation, one needs to carefully exchange willingness
to pay information of the customers, especially when the
game is of a single shot (planning problem). Strategies
of sharing internal information among the contributors,
along with associated advantages and disadvantages,
have been discussed in detail.
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The remainder of the paper is organized as follows. Calcu-
lation of the rivalrous component of CPR provision, the fault
rate threshold, and the proposed graph-partitioning strategy are
described in Section II. The theoretical development of the opti-
mal contribution group formation, the optimization problem, and
different strategies for sharing of such internal information are
discussed in Section III. In Section IV, utility distribution strate-
gies are compared for a five bus system with three customers,
and, a eighteen bus system with eight customers. Sections V and
VI contain discussion and concluding remarks, respectively.

II. DESIGNING A VOLTAGE SAG MITIGATION STRATEGY

A. Aggregated Maximum Load Demand for DVR Sizing

If either a set of customers, an externally selected agent,
or the electricity supply company, is installing a common sag
mitigation device for multiple customers, it needs to be located
in the distribution network itself. However, the customers are
not the wire-owners of the distribution network. Additionally,
it is to be noted that once the ratings of the DVR are decided,
future expansion of loads in the downstream of the DVR would
undermine such a sag mitigation solution provision. Therefore,
assuming that the improved network performance will attract
future customers, one needs to consider the participation of
electricity supply companies in this CPR game. Like all other
customers, the wire-owners (electricity supply companies) then
need to disclose the projected maximum load demand com-
pletely, and this will also be considered as common knowledge.
If the electricity supply company do not participate in this
endeavor, they need to ensure that no additional customers
are connected at the DVR downstream through an exclusivity
agreement.

The customers may communicate the load profile (with the
possibility of future expansion) to calculate the rivalrous compo-
nent of the DVR provision. However, the DVR sizing based on
the maximum load demand, considering future load expansion
of the customers, would ensure that the DVR can meet the
downstream load demand for all possible cluster formations,
and all different operating conditions, and DVR will not be
overloaded due to error in the estimation of customers load pro-
file. Therefore, the maximum load demand has been utilized to
calculate the current rating of the DVR. Since the rating of DVR
can be obtained by multiplying associated current rating and
voltage rating, the main objective of the paper is to calculate the
voltage rating of the DVR, which is a (partially) non-excludable
component of the CPR.

Since the distribution network is included within the clus-
ters, distributed generators (DGs) either owned by customers
or independent power producers located at the downstream of
the DVR need to be accounted for calculating the rivalrous
component. In this study, if the incorporation of DGs effectively
decreases the maximum load demand of a customer, the presence
of DGs needs to be accounted for in the procurement of a CPR
resource.

B. Segregation of Sensitive and Non-Sensitive Component of
Customers Loads

It is well known that the customers load demand constitutes
of components that can either be sensitive or non-sensitive to

Fig. 3. Considering distribution lines as part of a cluster.

voltage sags. The impact of voltage sags on both of these com-
ponents can significantly differ. If the regulation permits, there
exist two ways in which customers can express their marginal
willingness to pay (if they want to be a part of a group):

i) The customers can bid as two different entities and declare
the associated marginal willingness to pay separately. In
this case, multiple customers’ sensitive components may be
protected by a common device, leaving their non-sensitive
components behind. The enforcement of such a solution
may not always be practical due to regulatory and feasibil-
ity challenges.

ii) Customers do not report the sensitive and non-sensitive
components of the marginal willingness to pay separately;
instead, they bid as a single entity. This classification is also
applicable to the set of customers who cannot segregate
the sensitive and non-sensitive components because of the
physical connection. Since both the load components are
protected by a DVR, while the protection of the sensi-
tive components is only beneficial, customers maximum
marginal willingness-to-pay, vis-á-vis the non-excludable
component of the CPR provision (or simply, CPR provi-
sion) will be significantly reduced.

It is notable that this analysis can also be extended to a single
customer problem with multiple sensitive devices and various
different willingness to pay.

C. Fault Rate Threshold

The installation of sag mitigation devices does not affect the
probability of the occurrence of faults within the distribution net-
work. As indicated, a segment of the distribution network needs
to be included within the cluster for devising a common solution.
On the other hand, the players may choose not to include the dis-
tribution network segment and install mitigation devices on their
own at an increased cost (because of not being able to utilize the
benefit of economy of scale). In Fig. 3, M1 caters to the load ‘3,’
and the load demands ‘5’ and ‘6’ are met through M2. With the
installation of M2, the occurrence of a fault on the downstream
distribution lines 4-5 and 4-6 would render both the cluster
members ‘5’ and ‘6’ to become vulnerable. Here (in Fig. 3), i and
j are bus and customer identifiers respectively. For simplicity,
in subsequent figures with distribution networks, bus numbers
are written within a box, while customer numbers are encircled.

Therefore, the contributors must mutually agree to establish
a common fault rate threshold, L, to allow the formation of
clusters. The fault rate of a cluster, defined by the DVR, M(·),
is given by the algebraic sum of the fault rate of all distribution
lines, �(·,·) connected at the downstream of the DVR. A fault rate
lower than a predetermined threshold selected by the customers
would result in the viability of such cluster formation. With
OM(·) being the set of lines connected at the downstream of the
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DVR, mathematically:

M(·) =
∑

∀(q,r)∈OM(·)

�q,r ≤ L (1)

Consequently, the introduced fault rate threshold directly im-
pacts the size of the cluster. If the fault rate of the distribution
network branches is zero, incorporation of that branch within
the cluster will not affect the contribution group size.

As a part of the fuse-saving reclosing operation, the reclosers
will try to isolate the fault first. Also, the customers experiences
the sag before the operation of fuses/reclosers. If the fault occurs
at the downstream of the DVR, it is well known that DVR
will not be able to protect corresponding customers during the
sags independent of the recloser’s location. If the fault occurs
at the upstream, DVR will duly inject the desired voltage to
the customers experiencing the sag. Therefore, it is noted that
the DVR’s capability to mitigate voltage sags is determined by
their location and not by the recloser’s location. Nevertheless,
reclosers and associated fuse-recloser coordination settings will
determine the duration of voltage sags. Since customers do not
have a say on locations of fuses/reclosers in the network and
mitigation of voltage sag magnitude is the main focus of this
paper, the impact of reclosers is not accounted for in this work.

D. Graph-Partitioning Strategy

A generic radial distribution network clustering problem for
the series-connected mitigation devices allocation is given as
follows:

Definition 1: Given an undirected rooted tree GRo = (V,E),
with the set of root nodes and leaf nodes being VR and
Vleaf, respectively, it is aimed to find a collection of con-
nected subsets of nodes (which may also be called as clusters),
V1,V2, . . . ,Vic, . . . ,Vg, . . ., so that the following conditions
are satisfied.

1) Vleaf ⊆ ∪∀icVic (each leaf node is a part of some cluster).
2) Vleaf ∩Vic ∩Vg = ∅; ∀ic �=g (each leaf node is a part

of one and only one cluster).
3) GSu[Vic], the subgraph of GRo, induced by the set of

nodes, Vic, connected by the subset of the edges, E,
remains connected.
a) If |Vic| ≥ 1, then Vic ∩Vleaf �= ∅ (if a cluster Vic is

non-null, then it must contain at least one leaf node,
where |(·)| calculates the cardinality of a set).

b) If a subgraph GSu[Vic] includes the root node, VR,
and the degree of the root node in the subgraph is equal
to the degree of the root node in the rooted tree, GRo,
there will be no vertices within the subgraph, GSu,
the degree of which will be different compared to the
degree of equivalent vertices of the rooted tree, GRo.
Else, there will be at most one vertex in the subgraph,
GSu, the degree of which will be different compared
to the degree of equivalent vertices of the rooted tree,
GRo. The degree of a node in a graph can be defined
as the number of edges connected to it. �

In this work, the root node of the discussed tree structure in
Definition 1 represents the substation. The customers are located
at the leaf nodes. Therefore, the number of clusters is limited by
the number of customers or the number of leaf nodes.

Fig. 4. Cluster formation in a distribution network.

The proposed graph-partitioning strategy (Definition 1) has
been explained using the sample six node tree given in Fig. 4.
This tree structure represents the graph of the network shown in
Fig. 3 (which is adapted from the network shown in Fig. 2(b)).
In the figure, node ‘1’ is the root node, and nodes ‘3,’ ‘5’ and
‘6’ are the leaf nodes. Nodes ‘2’ and ‘4’ are intermediate nodes
that connect the root node with the leaf nodes. Dotted regions
signify different clusters.

Red clusters in Fig. 4 are always feasible because they include
only one leaf node, i.e., a customer. For simplicity, it has been
assumed that each customer is supplied through at most one
DVR (Multi-DVR cascading is not accounted here; and can
be easily incorporated). This assumption provides us with the
second condition, wherein, each of the leaf nodes is part of only
one cluster. Depending upon the configuration, the DVRs can
improve the voltage sag performance only at the downstream
buses. Therefore, all the nodes within a cluster must stay con-
nected. For example, each of the gold, black, and red clusters,
shown in Fig. 4, are connected.

Since the DVR mitigates voltage sags in all the downstream
nodes of a tree, given a cluster, only one node in it, especially
where the DVR is connected, can have a degree not equal to that
of the original tree. However, in the green cluster, both nodes
‘4’ and ‘1’ are of degree less than that of the original cluster,
signifying the installation of the DVR at node ‘1’ improves
the voltage sag performance of node ‘5,’ while ignoring the
existence of node ‘6.’ This condition is not feasible. Although the
purple cluster encircles only node ‘4’, and subsequently contains
exactly one vertex with degree different to that of the rooted tree,
it does not contain any leaf node, resulting into its impracticality.
The maroon cluster includes nodes ‘3’ and ‘5’, where, both
these nodes of of different degree compared to original rooted
tree, indicating its infeasibility. In the blue cluster, the DVR is
installed at the substation, incorporating node ‘2,’ but does not
include node ‘3.’ This condition is also not viable.

Remark 1: Any two clusters cannot have more than one
element in common. If either of them is singleton or null-set,
they will have no elements in common. Mathematically, 0 ≤
|Vic ∩Vg| ≤ 1, ∀ic �=g . Given the connectedness of the rooted
tree, condition 3b ensures that none of the feasible clusters is
disjoint.

III. OPTIMAL CPR GROUP FORMATION

In the considered CPR provision problem, the objectives are
twofold: (i) which contribution group generates how much of
non-excludable CPR provision and associated cluster forma-
tion, and, (ii) how the total expense will be shared among the

Authorized licensed use limited to: West Virginia University. Downloaded on October 31,2022 at 21:15:26 UTC from IEEE Xplore.  Restrictions apply. 
5



MAJUMDER et al.: GRAPH THEORY BASED VOLTAGE SAG MITIGATION CLUSTER FORMATION UTILIZING DYNAMIC VOLTAGE RESTORERS 23

contributors. Our objective will be to find cluster set generating
the highest utility; where, the utility being shared is also socially
appropriate.

While the introduced fault rate threshold can limit the size of
the cluster, here, the impact of sags on the customers is indirectly
accounted for in the customers willingness to pay function. It
is assumed that the customers capture the cost of voltage sags
through detailed simulation, and bid their marginal willingness
to pay. Furthermore, as in [27], it is considered that customers’
marginal willingness to pay is linearly decreasing. Calculation
of non-excludable CPR provision and utility generated by each
cluster can be calculated using the following definition, which
is partially obtained from [27], is given below:

Definition 2: Let the CPR cluster, g, is formed by utilizing a
finite set of nodes, Vg , where, for any node q ∈ Vg (assuming
all the nodes may not be occupied by contributors or players),
βq ≥ 0 be the rivalrous part, and α ≥ 0 be non-excludable part
of consumption, such that the total consumption of each player
q is given byαβq (> 0). Any player’s maximum non-excludable
CPR requirement is given by αMAX and the marginal willing-
ness to pay with respect to the non-excludable part of its CPR
provision is given by aq(1− α/αMAX), where aq ≥ 0. Beyond
α = αMAX the willingness to pay is undefined. If a node, q, is
not occupied by any contributor, or, player, associated aq and
βq are zero. Under voluntary participation, let all the players
declare their marginal willingness to pay. Also, let the average
cost of production be given by a linear function,

∑
∀q∈Vg

βq(c−
dα
∑

∀q∈Vg
βq), such that c > 0, d ≥ 0 and

∑
∀q∈Vg

βq > 0

(note the strictness). Beyond α = c
2d

∑
∀q∈Vg

βq
, the cost of pro-

duction is also undefined. Then optimal CPR provision for the
cluster g, αg

MKT , and the utility generated Γg can be given by,
αg
MKT

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

αMAX

∑
∀q∈Vg

aq−c
∑

q∈Vg
βq

∑
∀q∈Vg

ai−2 dαMAX(
∑

q∈Vg
βq)

2

if
∑

∀q∈Vg
aq ≥ c

∑
∀q∈Vg

βq

≥ 2 dαMAX

(∑
∀q∈Vg

βq

)2
> 0

c
2d

∑
∀q∈Vg

βq
if
∑

∀q∈Vg
aq ≥ c

∑
∀q∈Vg

βq

2−
c
∑

∀q∈Vg
βq

2dαMAX

(∑
∀q∈Vg

βq

)2

and 0 < c
∑

∀q∈Vg
βq < 2 dαMAX

(∑
∀q∈Vg

βq

)2
0 otherwise

(2)

Γg =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2αMAX

(
∑

∀q∈Vg
aq−c

∑
∀q∈Vg

βq)
2

∑
∀q∈Vg

aq−2 dαMAX(
∑

∀q∈Vg
βq)

2

if
∑

∀q∈Vg
aq ≥ c

∑
∀q∈Vg

βq

≥ 2 dαMAX

(∑
∀q∈Vg

βq

)2
> 0

c
∑

∀q∈Vg
aq

2d
∑

∀q∈Vg
βq

(
1− c

4 dαMAX

∑
∀q∈Vg

βq

)
− c2

4 d

if
∑

∀q∈Vg
aq ≥ c

∑
∀q∈Vg

βq

2−
c

∑
∀q∈Vg

βq

2dαMAX

(∑
∀q∈Vg

βq

)2

and 0 < c
∑

∀q∈Vg
βq < 2 dαMAX

(∑
∀q∈Vg

βq

)2
0 otherwise

(3)

�

Here, the CPR provision and the utility generation corre-
sponding to the condition, c ≥ 2 dαMAX

∑
∀q∈Vg

βq , are ob-
tained from [27]. If, c < 2 dαMAX

∑
∀q∈Vg

βq , CPR will still

be provided, if,
∑

∀q∈Vg
aq ≥ c

∑
∀q∈Vg

βq

2−
c

∑
∀q∈Vg

βq

2dαMAX

(∑
∀q∈Vg

βq

)2

, and as-

sociated CPR provision will be c
2 d

∑
∀q∈Vg

βq
(the limiting value).

The utility function will be calculated accordingly.
It is imminent that in the DVR allocation problem,αMAX will

be unity. Here, aq of the marginal willingness to pay function
will be unique for each customer and will be a function of
network topology and fault-rates, the customers’ location within
the network, and their internal information. As discussed earlier,
a customer may segregate its demand and may bid as multiple
entities through different aq .

Instead of utilizing Definition 2, one can also solve the exact
optimization problem for calculating the optimal utility function
for each of the cluster.

A. Utility Generated by Various Contribution Sets

It is imminent that Vleaf is the set of all players in the CPR
provisioning problem. Depending upon the set of players form-
ing the contribution group S, (⊆ Vleaf), where all the players
in the group S contribute, players may divide themselves into
several clusters. The decision variable symbolizing whether a
player/node, q, joins a cluster, g, or not, is given by χg,S

q , as
follows:

χg,S
q =

{
1 if node q in contribution set S joins cluster g
0 otherwise (4)

Given a set of contributors, S, optimum utility generated by
a cluster g, Γg,S (given in (8) shown at the bottom of the next
page), and optimal CPR provision,αg,S , can be calculated using
Definition 2 (in this paper). For a contribution group, S, that
intends to maximize its net utility over all possible cluster sets,
the optimization problem can be given below:

ΓS = max
∑
∀g

Γg,S (5)

Here, Vg is the selected set of nodes encapsulated by the cluster
g, subject to constraints of the graph partitioning principle (given
in Definition 1) and the fault rate threshold. According to the
conditions 1 and 2 (of the group partitioning strategy) if YS

q

depicts the contribution status of the player q, in group S, then:∑
∀g

χg,S
q = YS

q ; ∀q ∈ Vleaf (6)

To identify the nullity of a given cluster (say, g), for a given
contribution group (say, S), the following conditions are used:

Ug,S =

{
1 if

∑
∀q∈Vg

χg,S
q ≤ 0

0 if
∑

∀q∈Vg
χg,S
q > 0

; ∀g (7)

According to the condition 3a, a non-null cluster must contain
at least one leaf node,∑

∀q∈Vleaf

χg,S
q ≥ 1− Ug,S ; ∀g (9)
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The degree of a given node (say, q), in a given cluster (say, g),
in a given contribution group (say, S), Dg,S

q , can be given by,

Dg,S
q =

∑
∀r,r �=q

χg,S
q χg,S

r Bq,r; ∀g, q (10)

Following conditions are used to determine whether the degree
of node q of cluster g in the contribution set S is equal to the
degree of the rooted tree’s corresponding node:

W g,S
q =

{
1 if Dg,S

q = Dq

0 if Dg,S
q < Dq

; ∀g, q (11)

The following criterion needs to be satisfied for fulfilling con-
dition 3b:∑

∀q∈Vg

(
1−W g,S

q

)
χg,S
q ≤ 1−

∑
∀r∈VR

W g,S
r χg,S

r ; ∀g (12)

where, VR is the set of root nodes. If the equivalent fault
rate of distribution lines are �q,r, and as agreed upon by the
cluster members, if the internal length of each cluster (fault rate
threshold) is required to be limited to L, then,∑

∀q,r,r �=q

χg,S
q χg,S

r �q,r ≤ L; ∀g (13)

The optimization problem (5)–(13) is combinatorial in nature,
which is solved using the solver Couenne [36] in General Al-
gebraic Modeling System (GAMS) development environment.
Given a set of players, the optimization problem (5)–(13) needs
to be solved for all possible contribution groups.

Remark 2: Free-riders with zero contribution may be incor-
porated in the optimal group if and only if their incorporation
actively improves the group’s utility.

Theorem 1: Utility generated by different contribution groups
is super-additive.

Proof: From Remark 2, the contribution group will add a new
player into a cluster if such a contributor does not decrease the
group’s net utility. �

Fact 1: Players in a super-additive game are always incen-
tivized to form a grand coalition.

B. Utility Distribution Among the Contributors

1) Alternative Definition of Core Allocation Strategy: Al-
though possible utility function may render the core solution
concept to become empty, the core may exist if one focuses on
the deviating group, S, and its subsets. The alternative definition
of the core [33] is given by,

O(S) = {(α, u) :
∑
∀q∈T

uqYT
q ≥ ΓT , ∀T ⊆ S} (14)

In the current context, it is intended to find the group gener-
ating maximum utility while also being immune from further
deviations. Here, ΓT is obtained by solving (5)–(13). The opti-
mal deviating group, in this case, can be obtained by solving the
following optimization problem:

max
∑
∀S∈Ω

ΓSAS (15)

subject to,∑
∀S∈Ω

AS = 1; AS ∈ {0, 1} (16)

∑
∀S∈Ω

∑
∀q∈Vleaf

uqYS
q A

S =
∑
∀S∈Ω

ΓSAS (17)

∑
∀S∈Ω

TS,TAS
∑

∀q∈Vleaf

uqYT
q +M

(
1−

∑
∀S∈Ω

TS,TAS

)
≥ ΓT ;

∀T ⊆ S\∅ (18)

where, AS is a binary variable identifying whether the group
S generates the maximum utility and (16) enforces that such
condition exists for only one of such groups. Equations (17) and
(18) indicate that the utility distribution under group S is better
compared to all possible subgroups T (⊆ S). Additionally, Ω is
the power set constituting of all possible combinations of Vleaf

(the contributor set). The combinatorial optimization problem
(15)–(18) is solved using the solver SCIP [36] in GAMS. Like
the core solution concept, possible utility distribution strategies
in this alternative definition can be infinite. So, the main aim is to
identify the optimal contribution group. Equations (5)–(13) will
provide the optimal set of clusters for the optimal contribution
group.

2) Fair Allocation: Two different fair allocation strategies,
namely, the nucleous and the Shapley value, are considered in
this paper. In contrast to the alternative definition of the core, the
nucleous and Shapley value are unique, and the nucleous always
exists for a game with non-empty imputation.

i) The nucleous: The nucleous essentially tries to find an
imputation that minimizes the participants’ worst dissatisfaction
and can be obtained by solving a series of linear programs (LP).
The detailed definition of the nucleous can be found in [34].

ii) The Shapley value: Depending upon the marginal contri-
bution of each player, Shapley proposed a solution concept [35]
that focuses on the relative importance of the players in the game.

Γg,S =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2αMAX

(
∑

∀q∈Vg
aqχ

g,S
q −c

∑
∀q∈Vg

βqχ
g,S
q )

2

∑
∀q∈Vg

aqχ
g,S
q −2 dαMAX(

∑
∀q∈Vg

βqχ
g,S
q )

2

if
∑

∀q∈Vg
aqχ

g,S
q > c

∑
∀q∈Vg

βqχ
g,S
q ≥ 2 dαMAX

(∑
∀q∈Vg

βqχ
g,S
q

)2
> 0

c
∑

∀q∈Vg
aqχ

g,S
q

2d
∑

∀q∈Vg
βqχ

g,S
q

(
1− c

4 dαMAX

∑
∀q∈Vg

βqχ
g,S
q

)
− c2

4 d

if
∑

∀q∈P aqχ
g,S
q ≥ c

∑
∀q∈Vg

βqχ
g,S
q

2−
c

∑
∀q∈Vg

βqχ
g,S
q

2dαMAX

(∑
∀q∈Vg

βqχ
g,S
q

)2

and 0 < c
∑

∀q∈Vg
βqχ

g,S
q < 2 dαMAX

(∑
∀q∈Vg

βqχ
g,S
q

)2

0 otherwise

(8)
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The value received by each player can be given by,

Phiq =
∑

∀S⊂Vleaf

(|S| − 1)! (|Vleaf| − |S|)!
|Vleaf|!

[
ΓS − ΓS\{q}

]
(19)

C. Strategies for Sharing of Internal Information

One may treat the CPR resource provision in this problem
as an open system, where the DVR customers (including elec-
tricity supply company) are the appropriators, allocators, and
consumers. Non-repeatability of the considered game suggests
the existence of free-riders. In the event one argues that the
customers are unwilling to share information about their internal
willingness-to-pay function among each other, they may ask an
external agent to carry out a similar exercise on their behalf
while following the regulatory guidelines. The customers and
the electricity supply companies will disclose their internal
willingness-to-pay function simultaneously (as per [27]), and the
external agent will impartially solve the proposed optimization
problems and indicate the optimal location of mitigation solu-
tions. Based on the derived solution by the external agent, each
of the participants will be needed to appropriate to recover the
cost of installation and maintenance of the mitigation solution.
The external agent will have the legal right to enforce DVR
customers to appropriate in the mitigation solution.

In this regard, it is important to note that once the correspond-
ing customers willingness-to-pay is disclosed, they are legally
bound to appropriate. Only the customers strictly improving the
utility of the group will be a part of a valid cluster. Due to
partial excludability, non-contributors may be eliminated, and
their unilateral deviational utility can become zero. This way, all
the customers and the electricity supply companies have a strong
incentive to appropriate (and, not free-ride) in the CPR. Since the
contribution to the resource provision is based on the declared
internally calculated willingness-to-pay functions, unless the
external agent knows the true willingness-to-pay for participants
(customers or electricity supply companies), it wouldn’t be able
to know their individual free-riding status.

The electricity supply company is unable to carry out this
planning exercise since it is one of the partners investing in
the common voltage sag mitigation solution. If all the cus-
tomers report their internal information to the electricity supply
companies, they themselves may falsely represent its internal
information and procure the mitigation solution at a lower cost.
Given the regulatory guideline, if electricity supply companies
sell the mitigation solution provision at the procurement cost; the
new customers will have an unfair advantage in this endeavor.
While one may argue that similar exercise can be carried out
and priced by the electricity supply company; in such a case,
the good will cease to be a CPR. The solution to such kind of
problem will be a part of future work. Therefore, the electricity
supply company will only be allowed to carry out this planning
exercise if it does not participate.

In the considered CPR sharing problem, voluntary participa-
tion is desired to avoid socially inefficient outcome. However,
although a utility reducing non-contributor will not be a part
of the cluster, unless proven otherwise, free-riding provision
exists if a non-contributing customer increases the total utility of
the group. Therefore, the internal information sharing strategy’s
primary objective is to prohibit sub-group coalition deviation

Fig. 5. Optimal set of clusters in the considered distribution network.

TABLE I
GENERATED CPR AND UTILITY FOR DIFFERENT CONTRIBUTION GROUPS

among the customers and associated free-riding. Therefore, the
proposed information exchange mechanism complements the
proposed CPR formation and utility distribution strategies.

IV. CASE STUDY

While the scope of this section is limited to determining
the optimal capacity requirements and utility distribution with
the voltage sag mitigation solution with DVRs, the proposed
methodology can be utilized in any system that follows similar
characteristics. In line with the voltage sag mitigation appli-
cation, αMAX is selected to be 1.00 in one of the examples.
While in another example, αMAX , is selected to be 1.08 to
show the genericness of the methodology. Consideration of three
customers in the first two examples ensure numerical verification
of the solution of the optimization problem. A relatively larger
distribution network is also considered in the third example, to
show the effectiveness of the proposed methodology.

Fig. 5 shows a typical four bus radial network, along with the
discussed requisite parameters. The parameters of the distribu-
tion network in terms of the fault rate of each of the lines in
the distribution network are provided. The maximum marginal
willingness to pay of each customer and their maximum load
demand as a part of its bid is also provided. The production cost
function is considered to be linear (within its viable operating re-
gion), and the economy of scale exists throughout the production
cost curve. The parameters c and d, representing the production
cost, are 2.00 and 0.01, respectively. Additionally, the fault rate
threshold,L, is selected to be 4.0 and 2.0 for parametric analysis.

Table I shows the non-excludable component of the CPR and
maximum utility generated by different contribution groups that
are calculated by solving the optimization problem defined in
(5)–(13). It can be observed that when either of the customers
(each node represents only one customer) ‘3’ and ‘5’ is the only
provider, even if the economy of scale exists and L = 4, ‘3’
and ‘5’ would not like to incorporate ‘6’ in the formation of the
CPR, respectively, eliminating free-riders. The solution here is
independent of L = 2 and 4.

Authorized licensed use limited to: West Virginia University. Downloaded on October 31,2022 at 21:15:26 UTC from IEEE Xplore.  Restrictions apply. 
8



26 IEEE TRANSACTIONS ON POWER DELIVERY, VOL. 37, NO. 1, FEBRUARY 2022

TABLE II
MATHEMATICALLY CALCULATED UTILITY DISTRIBUTION

Fig. 6. Optimal set of clusters in the considered distribution network with
parameters of different customers.

It is also seen that when the customers ‘5’ and ‘6’ are in the
contribution group and fault rate threshold permits (fault rate
threshold are satisfied in both cases of the considered parametric
analysis), these customers form a common cluster. Even though
the non-excludable CPR received by the customer ‘6’ declines,
the combined total utility received is increased by 0.0003 units.
However, when all the three players are contributors, incor-
poration of ‘3’ into the cluster ‘5,’ ‘6’ or vice-versa reduces
the total utility, leading to the formation of multiple clusters,
one containing customers in ‘3’ only and the other containing
customers in both ‘5’ and ‘6.’

Table I also indicates that the utility generated is super-
modular, and hence the core solution concept exists, and the
grand coalition satisfies alternative core definition. The utility
distribution according to the core can be given by,

C (‘3,’‘5,’‘6’) = {u ∈ R3
+ : u3 + u5 + u6 = 0.3469,

u3 + u5 ≥ 0.2768, u3 + u6 ≥ 0.2962,

u5 + u6 ≥ 0.1205, u3 ≥ 0.2264,

u5 ≥ 0.0504, u6 ≥ 0.0698} (20)

The solution for (20) contains mathematically calculated
solution u3 = 0.2264, u5 = 0.0504, u6 = 0.0701, obtained by
solving (15)–(18), the alternative definition of the core (among
many possible solutions). The utility distribution, according to
the ‘Fair allocation’ strategy, is given in Table II.

The calculated Shapley value and nucleous are found to be
lying within the core. The optimal non-excludable CPR provi-
sion (common voltage injected by the DVR) corresponds to the
grand coalition in Table I. The utility of individual customers
is given by subtracting individual appropriation from perceived
benefit. Given the optimal CPR provision, the total perceived
benefit can be directly calculated from the linear willingness to
pay function. Therefore, given the utility distribution and the
perceived benefit, individual investment cost can be indirectly
calculated.

The optimal set of clusters with a similar four-bus radial
network with different appropriation levels is given in Fig. 6.
To ensure the genericness of our approach, in this case, αMAX

is selected to be 1.08 and L is selected to be 4.0.
In this case as well, it has been found that the utility function

is supermodular, and hence the core exists. Unlike the previous

TABLE III
UTILITY DISTRIBUTION WITH EIGHT CUSTOMERS

case, the use of one mitigation device is cost-optimal. If the
fault rate threshold does not limit the cluster size (which is the
case here), the utility distribution according to the core solution
concept will be:

C (‘3,’‘5,’‘6’) = {u ∈ R3
+ : u3 + u5 + u6 = 1.3659,

u3 + u5 ≥ 0.9748, u3 + u6 ≥ 1.0118,

u5 + u6 ≥ 0.7356, u3 ≥ 0.6255,

u5 ≥ 0.3493, u6 ≥ 0.3863} (21)

As indicated earlier, a similar problem has been solved for a
larger network with an increased number of buses and is shown
in Fig. 7. The CPR generated, and the utility distribution for
various customer groups is also given in Table III.

While the supermodularity ensures the core and the grand
coalition’s existence, one may observe that the optimal solution
does not include all the customers as a part of a common DVR.
Rather the cluster formation stems from the condition that if
one customer is not beneficial for the group, it will be discarded.
Nevertheless, in the given cases, the analysis indicates that the
utility distribution according to either of the considered three
methodologies would lead to a socially justifiable outcome.

V. DISCUSSION

Although the proposed methodology actively discourages
free-riders participation by strategically excluding them for
avoiding socially unjustifiable outcome, this method suffers
from the following numerical complexities.

i) Although some of the conditional statements in (5)–(13)
involve the multiplication of binary variables, most of the
non-linearities can be suitably linearized. However, the re-
sulting optimization problem remains an MINLP problem,
which can be challenging to solve. The non-linearity stems
from the Definition 2, which can be alleviated through
certain precalculation.

ii) Equilibrium CPR provision and utility generation for dif-
ferent contribution groups need to be calculated indepen-
dently. However, with an increasing number of partic-
ipants, the number of different contribution groups for
which these two quantities need to be calculated grows
following a geometric progression. Besides, exponentially
growing binary variables imposes an additional burden.

iii) The alternative Core allocation strategy also introduces
binary variables. However, the resulting formulation is a
mixed-integer programming (MIP) problem. The number
of binary variables in the optimization problem also
exponentially increases with an increasing number of
participants.

Accordingly, the proposed algorithm is non-polynomial in
complexity. However, because the considered problem is a
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Fig. 7. Optimal set of clusters in the considered larger distribution network with various system parameters.

planning problem, the computational burden is undoubtedly
not a constraint. Also, because equilibrium CPR provisions for
different contribution groups are independent, the solution time
can be significantly improved by employing parallel comput-
ing. Furthermore, Theorem 1 also provides us with a feasible
initial solution, further reducing the computation time. As for
the computational time, the first two examples, involving three
customers in a six node system, each requires 30 minutes of CPU
time, while for the third example, involving eight customers in
an eighteen node system, the total CPU time has increased to
approximately ten hours. We have utilized parallel computing
in the third example. All three examples are solved in an Intel
i7-based workstation with 32 GB of RAM.

VI. CONCLUSION

In this paper, the provision of multiple contribution group
formation for the optimal voltage sag mitigation using DVRs
has been discussed. While incurring costs for designing
and installing DVR, the existence of the economy of scale is a
motivating factor for the common mitigation solution provision.
Here, voltage sag mitigation using DVRs has been classified as
a CPR with partial excludability. A graph-partitioning principle
has been proposed to obtain multiple feasible contribution
cluster sets, where a common DVR will serve each of the
clusters. Because a portion of fault-prone distribution network
needs to be incorporated within the cluster, the customers may
limit their participation in the group based on the introduced
fault rate threshold. Furthermore, the customers’ willingness to
pay is utilized to calculate optimal CPR and utility distribution
for different contribution group. However, the appropriate
distribution of utility generated by different contribution groups
is essential for the contributing members to remain within the
group. In this regard, three different solution approaches, such
as the alternative core definition, the nucleous, and the Shapley
value, have been considered.

The proposed utility generation and distribution rely on the
willingness-to-pay for each of the customers, thus eliminating
mandatory participation and contribution requirements for the
customers with zero willingness-to-pay. The partial excludabil-
ity ensures that utility-reducing and unilaterally deviant cus-
tomers may not be included in any contribution group, elimi-
nating free-riding. The considered information sharing strategy

also upholds the same and ensures voluntary participation. While
the scope of the proposed work can be diverse, the methodology
has been numerically verified utilizing a small scale network for
voltage sag mitigation as an example. A larger network has also
been considered to demonstrate the effectiveness of the proposed
methodology. One of the main disadvantages of the proposed
methodology is the large computational complexity imposed
by mixed-integer solution space. However, the computational
time can be reduced by applying one of the analytical results
and utilizing parallel computing. Nevertheless, being a planning
problem, the bottleneck in terms of computational complexity
is not a major concern.
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[16] J. Y. Chan and J. V. Milanović, “Assessment of the economic value of
voltage sag mitigation devices to sensitive industrial plants,” IEEE Trans.
Power Del., vol. 30, no. 6, pp. 2374–2382, Dec. 2015.

[17] H. Liao, S. Abdelrahman, and J. V. Milanović, “Zonal mitigation of power
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